Chapter Nine

Hilbert — adjoint operator

Definition 1 ( Hilbert -adjoint operator )

Let T: H, » H, be abounded linear operator where H; and H, are Hilbert space ,
then the adjoint operator T is denoted by T* and define by

T* : H, » H; suchthat< Tx,y >=<x,T*y > forallx € H;andy € H, ,

Note :
1- T* is bounded linear operator
2- I TN =1TI

3- T* is unique

Example 1 :

let T: R® - R? be a linear bounded operator and defined as :
T(xq,x5,x3) = (x4 3x3,2%7)

We can compute T* as following :

Lety= (y;,¥2) € R*, x = (x;,%;,x3) € R®

Now, < Tx,y >=<x,T*y >

W< T (xq,%5,%3 ), (V1,V2) >=<(x1,%2,%3 ), T  (¥1,¥2) > eooriiiiiiiiiiin . (1)

n

< x,y>= inyi Vx,y € R"

i=1

W< T (xy,%2,%3), V1,¥2) > =< (x3+ 3x3,2x1),(y1,¥2) >=(x, + 3x3)y; +
2x1Y7

= X3 Y1+ 3x3 Y1+ 2x1Y; =< (x1,%3,%3),(2y2,¥1,3y1) >
~ by (1) we get
< (e ,x2,%3),(2y2 1,391 ) > = < (x1,%2,x3),T" (¥1,¥2) >
T" (1,¥2) = 22,91, 3y1)



H.W.

let T: R® - R? be a linear bounded operator defined by : T(x, x5, x3) = (x; +
X2, X3 — X3)

Find T*.

Theorem 1 (Properties of adjoint operator)

Let H,, H, be Hibert spaceandlet S: H; - H,,T: H, - H, be two bounded linear

operators and a any scalar then we have:

@< Ty, x>=<y,Tx > (x€H,,y€EH,)
O)YS+T)Y =(S"+T")

€ (aT) = arT”

d(T") =T

@UT*TIN=UTT*I=1TI?

OHT'T=0 &T=0

Q) (ST)"=T*S* (assuming H, = H;)

Proof

(a) By def. of inner product (< x,y>=<x,y >)

L T'y,x >=<x,T*y > Vx€H,,y€EH,
=<Tx,y>=<y,Tx>
(b) v (<Tx,y>=<x,T"y>)Vx € H;,y € H, (by definition)
A<, S+T)'y >=<E+Tx,y >=<(Sx+Tx),y>=<Sx,y> +<Tx,y>

=<x,5Yy> +<x,T'y>=<x,S'y+ T'y>=<x,(§"+T)y >



~(S+T)'y=(8"+T")y Vy€eH,

“(S+T) = S +T*

C©)~<T'y,x>=<y,Tx >Vx€eH,,yeEH,(by(@))
a<Z<(alT )Y y,x>=<y,@Nx>=<y,a(Tx)>=a <T'y,x>=<aT'yx>

~(aT ) y= aT"y Vy € H, , therefor (aT )*=a T"

d)<T'y,x>=<y,Tx > Vx€H,,y €EH,
~wecanwrite < (TH)'x,y>=<x,T'y>=<Tx,y>
~ (T*)'x =Tx Vx € Hy, therefor (T*)* =T

(e) At first we prove that | T*T || =1 T II?
i.e toprovethat I T*T 1< TI? andITT* I =1 TII?

Now , to prove || T*T || = || T II?

“lxll= J<xx>
Alx P=< x,x >
I T(x) I°=<Tx,Tx> =< T*Tx,Tx >
<|<T'Tx,x >|
SIT*T, I l x I (by Theorem (1.2))
SIT*T N llxWllxIl (since T*T is bounded operator )
<IT*T I Il x 112
By taking supermum of both sides, we get :
sup {ITx >, xI=1}<IT*T |

IT IS UT*T N coeeeeeeeeeen(D) (Since I T ll= sup {1 Tx I, Il x I=1})



Toprove [ TII2=11T*T |l
IT*TU<UNT* I 0TI
<NWTINNTI (since IT*NI=ITI)
IT*TN<SNTI? oo (2)
By (1) and(2) wehave

UT T U= NT 0% eo(3)

Now, we prove that | T T* =l T ||?

In (3) we replacing T by T* thenwe get || T** T* ||=I| T* ||
ITT*NI=NT" > (since T =T)

ST =0T

ATTN=NT NP oo (4)
Then by (3) and (4) we get
IT*TN=0TT I=ITI?

(f) T=0=ITI=0<lTI*= 0

by () IT*TI=ITI*°=0

IT*TII=0 & T'T=0

(g) HW



