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Chapter Nine 

Hilbert –  adjoint operator   

 

Definition  1 ( Hilbert -adjoint operator  ) 

      Let             be a bounded linear operator where    and     are Hilbert space , 

then the adjoint operator    is denoted by    and define by   

                        such that                     for all      and      ,  

Note : 

1-    is bounded linear operator  

2-      =     
3-    is unique  

 

Example 1 : 

let T:        be a linear bounded operator and defined as :   

 (            )    (           ) 

We can compute    as following : 

 Let y= (      )    
     (           )    

  

 Now,                       

    (           ) (      )      (           )  
  (      )   ……………………….(1)  

          ∑     

 

   

            

    (           ) (      )      (              )  (      )  =(       )   
      

                                                         (           ) (    ,    ,     )   

   by (1) we get  

 (           ) (    ,    ,     )       (           )  
  (      )   

        (      )   (    ,    ,     ) 
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H.W.  

let T:        be a linear bounded operator defined by  :   (        )  (   
        ) 

Find   . 

 

Theorem 1  (Properties of adjoint operator)  

Let       be  Hibert  space and let  S:        ,  :        be two bounded linear 

operators  and   any scalar then we have:  

(a)                       (          ) 

(b) (    )  (       ) 

(c) (    )    ̅    

(d) (    )     

(e)        =       =      

(f)          T=0 

(g) (    )          (              ) 

Proof  

 (a)  By def. of inner product (                ) 

                                        

                           =                     

(b)    (                  )              (by definition ) 

     (   )         (   )     =  (     )                      

=                   =              =    (     )   
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 (   )   (     )            

 (   )         

(c)                                 ( by (a)  ) 

   (    )            (  )  =     (  )      ̅         =   ̅        

 (   )      ̅            , therefor (   )   ̅    

 

(d)                                

   we can write     (   )                          

 (  )               therefor (  )    

 (e)  At first we prove that         =           

i.e  to prove that                   and                      

Now , to prove                  

      √      

             

  ( )                            

                                           |        | 

                                                         ( by Theorem (1.2) ) 

                                                           (since     is bounded operator ) 

                                                       

 By taking supermum of  both sides, we get :  

     *             +         

              ………………(1)   ( since           *             +) 
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To prove              

                        

                         (                  ) 

               ……………(2) 

By (1)      and (2)    we have  

            ………………(3) 

Now, we prove that             

In (3) we replacing     by                               

            (              )  

            

               …………………………(4) 

Then by (3) and (4) we get  

       =       =      

(f )     =0                  

     ( )               

                 

(g) H.W 

  

 

 

 


