Chapter Five

Inner Product Space

Definition : (Inner product space ) or ( pre- Hilbert space )

An inner product on a vector space X over a field F is a function of two variables
<.,.>: XX X - R(or C) such that :

1- <x,x=20 VxeX

2- <x,x>=0 iff x=0

3- <x,y>=<yx> Vx,yeX if X=°C.
=<y,x> Vx,yeX if X=R.

4 <ax+fy,z>=a<x,z>+f<y,z> Vx,y,z€Xand a,B €F.

(X, <.,.>) is called inner products space or ( pre- Hilbert space)

Same time we say that X is inner product space or ( pre- Hilbert space) .

Note : The usual inner product on R™ isdefineby < x,y >= Y, x;y; ,Vx,y €
R™.

Example 1:

Euclidean space R™ is inner product space where < x,y >= }“,x; y; ,Vx,y €
R".

Solution:

Example 2:

C™ is complex inner product space where Vx,y € C" <xy>= XY

Solution:



H.W

1- Show that R? is pre- Hilbert space .
2- Is R3 an inner product space ? why ?

Theorem 1: (The properties of inner product)

Let X be an inner product space if x,y,z € Xand a, 8 € C then:

@ <ax—-pfyz>=a<x,z>-p<yz>
(b) <xay+Bz>=a<xy>+B<xz>
) <x,ay—Pz>=a<xy>—-B<x2z>
(d <x,0>=<0,x>=0 VxeX
e <xy+z>=<xy>+<x2z>

Proof :

(@)

Remark : Every inner product is norm, and the norm induced by inner product is

define by IlIxll=/<xx>

Theorem 2: (The Cauchy Schwarz inequality)

Let x and y be two vectors in an inner product space X then,

I<xy><lxlllyl



Proof:
Let X be an inner product space and let x,y € X
If x=0 or y=0 = lIx[=0 or lyll=0 and |<x,y>|=0
Thus the inequality is hold.
Now, if x = 0andy # 0, let X be any scalar we have ,
<X+XNYXHFXNY>S=<XXH+XNYy >+ <Ny, X+XYy >

=<X%X> +<XAYy>+<XNY,X>+HXNYyAYy >

=<XX>+ A< XY> +A<y,X>+xx<y,y>

=X I24+X< Xy > +x<xy>+ |22yl

cyEO0->1llyll#0

There for we canput ~ x= — <"X;'2> , then we get
y
<Xy > <xXy>___ |-<xy>?
=IxlI’P-————<xy>—- ——<X, >+|— INE
rymre -7 ymre - rynrz | Y
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< x,y >|?

S<XHEXNY, XXy > =[x 17— ik

Y<XAXNY,X+XYy>=>0 [since < x,x >= 0]
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Sl x ||2—# >0

|l 'y



< x,y >|?

< IxI?
Iy II?

I<xy>2<Ix1?yl?

Therefor |<xy>|< IIxlllyll

Theorema3 : Every inner product space is norm space .

Proof : Let (X, <.,.>) is an inner product space , we must prove that (X, || x Il ) is

normed space where || X || = V< x,x > .
v (X, <.,.>) isan inner product space , then we get the following

1- V<x,x> =20 (since<x,x>=>20Vx€eX)

YIxll=40<xxX>
“xlI=0 vxeX
2- Ix[I=0 e y<x,x>=0=<x,x>=0<x =0 (since < x,x >=0Iff

x=0)
lxI=0iffx =0

Flaxll=vV<oax,ax > =+aa < X,x > = \/lalz <xx> =|a|lV<x,x>=|al
Xl

4- x|l =V<xXx>

Aix+yll=(J<x+yx+y> - lx+ylP=<x+yx+y>

Now, | x+ylI?=<x+y,x+y>=



Lemma: The inner product is a continuous function .

Proof :

Theorem 4: ( The Parallelogram Low )

If x and y are two vectors in an inner product space , then
lx+yIP+Hlx—yl>P=201x1*+21yl?
Proof : Let x andy are two vectors in an inner product space , then
Ix+yIP+lx—ylP=<x+yx+y> +<x—yx—y>
=<xx+y> +<yx+y>+<x,x—-y> <yx—-y>

=< X%X>+<x,y>+< P x>4+<y,y>+<x,x > —<x,y>—<y,x >+
<yy>

=<xx> +<y,y>+<x,x > +<y,y >

=2<x,x> +2<y,y>

=2l0xI?+21yl?

Theorem 5: (Jordan — Von Neumann)

A normed space is an inner product space iff the norm of normed space satisfies the
parallelogram low .
( Without proof)

Note : Every inner product is norm , but the convers is not true (i.e not necessary
every
norm is inner product ) .

The norm is inner product if the norm satisfies the parallelogram low .



Example 3 : Show that a normal space C[a, b] under the norm define by
IfIl = sup {IfCOl}

x € [a,b]

, Vf € C[a, b] is not inner product space.

Solution :
Cla, b] is not inner product space because it is not satisfies the parallelogram low

Ix+yIP+lx—ylIP=20x 12+ 21y lI?

Let f:[a b] —» Rsuchthat f(x) =1 and g:[a, b] = R such that g(x) = E
~ f and g two continuous function
~f,9 € Cla,b]
If Il = sup {IfN} = sup {1y _
Now, x € [a,b] x € [a,b] =1
o= sw Qg = sw  {F} _,
XE[a,b] XE[a,b]
If +gll = sup {{F+9)™N} = sup {If (x) + g}
x € [a, b] x € [a, b]
= s {fei]i o,
x € [a,b]
If —gll = sup {{F-9®N} = sup {If(x) =g}
x € [a, b] x € [a,b]
= s {5l
x € [a,b]

“Af +glP +If —gli* = 22+ 1% =5



20 x12+20yI?P=2(1)+2(1) =4
Ax+yIPHlx—y P21 x 12+ 21y 11

~ Cla, b] is not inner product space

H.W Show that a normal space €[0,1] under the norm define by

Ifll=" sup  {fCl}

x € [0,1] , Vf € C[0,1] is not inner product space.



