Chapter Three
Normed Space

Definition : (Normed space)

Let X be a real or (complex) vector space and let || |[: X — R be a function such
that V x,y € X and a € F satisfying the following :
1- llxll = 0
2- |lx]|=0iff x=0
3- llax]l = [a| llxII
4- flx +yll < llxll + iyl
Then (X, || ||) is said to be a real or (complex) normed space .



Note :

1- 1f (X0l |l;) and (X2,]| ||,) are normed spaces, then the product X;Xx X, is

normed space .

2- Every finite dimensional subspace of a normed space is closed.

Example 1 : A vector space R™ is a normed space under the norm defines by:

1
x|l = [¥%,|x;/? ]z ¥V x € R™, show that.

Solution: Vx,y €R" , x = (xq,..,%,) and y = (¥4, w0, V)

X1, -, Xpand Yy, ..., Vn €ER
1- v |x;| =20 Vi=12,..,n

= Y. x|?=0

1
= [Shlxl’ . 20

= ||x]| =0 vxecC™

2-tet [lxll = [ Xqlxf? ]2 = 0 & S x]? = 0
S |x2=0,VvVi=12,..,n
elxgl=0Vvi=12,..,n
©x;=0 Vi=12,..,n

S (x,%9,...,x,) =(0,0,...,0) &x=0

1 1 1
3- lax|l = [ X laxi|? 12 = [ X ]al?]x]%]z = [|la|? Xq]xi]%]2

1 1 1
= [lal? 2. [Ziz1lx]?]z = lal. [ELqlxl?]z = |al. |lx]]



4-x +y = (X1 T Y1 Xn +yn)
1

lx + vl =X ,lx; + y:|?]z By Minkowski inequality

1 1
< [ Xl Pz + [ X lyil]z

< [lxll + Iyl
Example 2 :
Show that a vector space Cl[a, b] is a normal space under the norm define :
by Ifll= sup  {fI}
x € [a, b]

Solution :

1- ~[f(x)] =0 = sup {feol} =0
X € [a, b]

~AIf Il =0

2— ifll=0 e Ifll = sup {Ifeol}=0
x € [a, b]

S |f(x)]=0,Vx€elab] & f(x)=0Vxe€lab] & f=0

3= le.fll = sup {a.fl} = sup  {lallf()]}

x € [a, b] X € [a, b]

= lal . sup Uf@OB = lallifl

x € [a, b]



4— |If +4ll = sup UfGD) +g@l} _ sup {fGl+ g}
x € [a, b] ~ x € [a,b]

- Sup {Lf e} L Sup {lgCol}
~ x € [a, b] X € [a, b]

< lIfIl+ gl

H.W.

1- Show that a vector space R is a normed space under the norm define by :
Ixll = |x| vxeR
2- Show that a vector space C is anormed space under the norm define by :
lzll = |z| vzeC
3- Show that a vector space C™ is a normed space under the norm define by :
Izl = [Elzl? e vzecn
Note let(x,| ||) be anormed space and let d: X X X — R defined by

the d(x,y) = [|lx — y|| , then d is a metric induced by the norm.

Now, we prove that every normed space is matric space .
let (X, || ||) be anormed space and let d: X X X - R defined by the

d(x,y) = [lx = yll
1- =~ (X,|| ||)be anormedspace — || x|| =0 Vx€eX

Letx,y € X - X-y € X (since X is vector space )



“lx=yll 20 - dx,y)

2-letd(x,y) =0 & |lx—y|| =0 x—y =0(since ||x|| = 0 iff x =0)

ox=y

3-dx,y) =llx =yl =ll-@ =) = |-1|lly — x|| (since [lax]|| = || ||x]|)
= |ly — x|l = d(y,x)

d-dx,y)=llx—yll=llx—y—-z+zll =llx—2) + (z =yl
< lx =zl + llz = yll (since [lx + yll < [lxll + Iyl

<d(x,z) +d(zvy)

|z+w| < |z| lw|
1+|z+w| = 1+]|z| 1+|w|

Remark: vz w € C then

Example 5: Give any example to show that the metric space is not normed space .

Solution : let X be a set of all complex sequences {x;},and letd: X x X - R is

_ _vn 1( Ixi—yil
defineby d(x,y) = Xi4 2i (1+Ixi—yil)

Now we proof that (X, d ) is metric space : H.W.
This metric space is not be a normed space , because if there is norm such that
d(x,y) = |lx —yll then  d(ax,ay) = |ald(x,y) ie |lax —ay|l = |a|llx - yll.

But ||lax — ay|| # |a||lx — y||. HW.



