Chapter Two

Vector Space ( Linear Space)

Definition : (vector space)

A vector space over a field F is a set V with two operations of addition +: V XV

— V and scalar multiplication - : F X V. — V satisfying the following properties

1-x+y €V ,Vx,y €V

2-x+y=y+x ,Vx,yeEV
3-(x+y)+z=x+y+2),Vx,y,z €V.

4- 30€V suchthat 0+x=x+0, Vx€V.
5-VxeV,3(—x)€eVsuchthat x + (—x) = (—x) +x = 0.
6- a.x €V ,Vx €EV,a EF.
7-a(x+y)=ax+ay ,Vx,y EV,a€F

8 (a+pf)x=ax+pPx ,Va,f €F,x€eV.

9- (aP)x=a(Px).
10- lL.x=x VxeV
Note :

If F=R we say that V is a real vector space or (real linear space),

and if F=C we say that V is complex vector space or (complex linear space).



Example 1 :

1- R™is linear space over a field R. HW

2- Is Q linear space overafield R? Hw

Definition : ( subspace)

A subset W of a vector space V over a field F is a subspace of V if W itself is a
vector space over a field F.

Note: the every non-zero vector space V has at least two subspace {0} and V itself.

Theorem :

Let W be a non empty subset of a vector space V over a field F , then W is a
subspace of V if and only if:

1-x+y eW ,Vx,yeW

2-ax €W VxeW,a€F

Example 2:let W = {(a,b,0):a,b € R} S R3.
Show that W is a subspace of R3.

Solution: + (0,00) eW, ~W # @
1-Letv,,v, €W
~v; = (aq,by,0), a;,b; ER
v, = (a,, by, 0), a,, b, €ER
v1 + v, = (a4, b1, 0) + (az, by, 0)
= (a; +ay, b; +b,,0+0)
" R is vector space
~a,+a, ER &b, +b, ER

Sv vy, EW



2-Letv eW

v=(a,b,0),a,b € Rand let « scalar.
av = a(a,b,0) = (aa, ab,0)
* R Is vector space
~aa,ab €R

~av W

Example 3:

Letw = {(a,b,1):a,b € R} S R3.Is W subspace of R3.
Solution (0,0,1)) eW, ~ W+ .
Letv,, v, eW
~v; = (aq, by, 1), a;,b; ER

v, = (az by, 1), a, b, €ER
v1 + v, = (ag, by, 1) + (az, by, 1)

= (ayya; byyb2,1+1)

= (a1 + 0y byybz, 2)
v tv, €W

~ W is not subspace

Some principle concepts in vector space



Some principle concepts in vector space



Definition : ( Convex set)




