Example 5: (C,d) is metric space where d : C X C — R is define by
d(z,w) =|z—w|, Vz,w € C, show that.
Solution : letz,wand heC ,1,2,3 HW
4- d(z,w) =|z—w|=|lz—w—-h+h|=|(z—h) + (h —w)]|
|Z 2— 77
(z—h)+(h—w)I?= ((z=h) + (h—w))((z—h) + (h—w))
= (=N +Hr-w)(z—h) + (h—w))
=(z—=h) z=h) +@z—m)(h—w) +(h—w)(z—h) + (h —w)(h —w)
=lz=hl*+EZ-hh-w)+@z-hHh-w) +|h-w|?
=|z—h|>+2R|(z—h)(h —w)|+ |h —w]|? since[ z+z=2R|z| ]
<|z—h|>+2[(z— h)(h —w)|+ |h —w|? since [ 2R|z| < 2|z] ]
<l|z—h|?+2|(z—R)||(h—w)|+ |[h—w|*> since [|zw| = |z||w| ]
<|z=h?+2|(z=h)I||(h—w)|+ |h—w|? since [|z] = |z| ]
< (lz—=h|+ |h — w|)?
“(z=h)+ (h—=w)|? < (lz—h| + |h — w|)?
|(z—h)+ (h—w)| <|z—h|+|h—Ww]|
~d(z,w) <d(z,h) +d(h,w)
Example 6 : Show that C™ is a metric space where d : C* X C* - R is

1
define by d(z,w)=[ X,lz; —w;|?]z ,Vz,w € C".
Solution: V zzw,h €C" > z= (24, ...,2z),Ww = (Wy, ..., w,),and h =

(hy, ..., hy)
Z1y ey ZyyWe, ey Wy, Ry, o, By € C

1- ~|z;—wi|?=20Vi=12..,n
1
Pz =wi? =20 - [ Xqlzi—wil* ]2 =0
~d(z,w) =20
1
2-dzw) =0 [ X1 lzi—w?l2=0 3%, |z;—w|*=0
< |Zi_Wi|2 =0VvVi= 1,2,...,Tl o Zi — Wi =0Vi= 1,2,...,Tl
ozi=w;Vi=12,...n(2,..,2,) =W, ..,wy,) ©z=w
3-lzi —wil = |-(w; —z)| = |-1lw; —z)| = [w; —z|V i=12..,n
1 1
dz,w) =[ Yiilzi —wil* 2 = [ Xitqlw; =z |2 = d(w, 2).
1
4-d(z,w) =[ X4z —w; —hy + hil? ]2
1
= [ Y0z —h) + (hy —w)|* |2 by Minkowski's Inequality
(Theorem 2)

1 1
<[ Xhilzi = hl? T2+ Xiqlhy —wil? ]2



< d(z,h) +d(h,w) ~ C™is a metric space
H.W
1- Show that R* is a metric space where d : R* X R* — R is define by
1
d(x,y) =[ Xii(xi —y)?* ]2 ,Vx,y €R*

2- Show that €3 is a metric space where d : €3 x C3 — R is define by
1

d(zw) = Xilzi—wil? |2 ,Vzw € C5.
3- Show that R? is metric space where d : R? X R? —» R is define by
d(x,y) = /(1 —y1)% + (x3 — ¥2)?

Note :

1- C[a, b] denoted the set of all continuous real valued function on a closed interval
[a, b].

2- Bla, b] denoted the set of all bounded real valued function on a closed interval
[a, b].

3- R[a, b] denoted the class of all Riemann integrable function from [a, b] in to R.
4-letf: A - Band g: A — B Dbe any to function , we say that

f=gif fx)=g(x) Vx€eA.

Example 7 : Show that C[a, b]is metric space under d : C[a, b] x C[a,b] - R
define

d(f,g)= max |[f(t)—g(®)]
t € [a,b]

Solution : C[a, b] = {f|f: [a,b] = R, f continuous real valued function }
Letf,g € Cla,b] = f:[a,b] > Rand g: [a,b] - R

by Vf,g € Cla,b].

1- If(t)_g(t)l 201 Vte [a,b]

max  |f(6) —g(@®)l
¢ € [a, b] >0 - d(f,g)=0

2- We must prove that d(f,g) =0e f=g
d(f,9) =0 < max |[f(©)—g®)|=0
t € [a,b]

o |[f(e)—g®)=0 Veelab]
o f(t)—gt)=0 Vte]a,b]
o fO©=9@1) Vtelab]
of=g

3and 4 HW

~ Cla, b] is metric space
2



Example 8:
Show that R[0,1] is pseudo metric space under d : R[0,1] X R[0,1] - R
define

by d(f,g) = [If — gl(x)dx ¥ f.g € R[0,1].
Solution
R[0,1] = {f| f has Riemann integrable function from[0,1]intoR }
Let f,g € R[0,1]

d(f,9) = [,1f — gl(x)dx = [J|f(x) — g(x)ldx

1- “|[f(x) —g(x)| =0 Vxe [01]

2 [0 — g0 dx 20
= d(f,9) =20

2-We mustprovethat (f=g- d(f,g)=0 but d(f,g)=0 » f=g)
let f=g—-f(x)=gx)Vxe [01]

= flx)—g(x) =0vxe [01]

S f(0) —g()| =0 vxe [01]

ﬁflf(x)—g(x)ldx =0 —d(f,g)=0

Now let d(f,g) =0 notnecessary that f = g

forexample:letf # g

_ (2 x=0 ! x=0
f(x)_{o 0<x<1 and g(x)_{o 0<x<1

f—-9)x) = f(x)—g(x):{(l) oi;21

f and g has only one point of discontinuous at x = 0.
f,g € R[0,1]

d(f,9) = [,1f — glx)dx = [JIf (x) = g(x)ldx =[; 0 dx = 0.
&~ f#g but d(f,g)=0

3and4 H.W

~ R[0, 1] is pseudo metric space .



H.W

1- Show that (R?, d) is pseudo metric space under d : R? X R* -» R, define by
d(x,y) = |x; — 4|, Vx,vy € R?.

2- Give example to show that R? is pseudo metric space .

3- Is R[0,1] ametric space where d : R[0,1] X R[0,1] — R define

by d(f,9) = [JIf —gl(x)dx  Vf,g € R[0,1].?why?

Definition : (Bounded metric space )
We say that (X, d) is a bounded metric space, if 3 M >0 suchtha d(x,y) <
M

Vx,y €X.
Note : we can define the bounded metric space by another way :
(X,d)is a bounded metric space if the diameter of X (

6(X) =sup{d(x,y):x,y € X}) isfinite

Note : if (X,d)is a not bounded metric space we say that (X,d) is unbounded
metric  space

Example 9: let(X,d) be a metric space where d: X x X —» R is define by
Vxy €X

0 X =
d(x,y) = {1 X iyy
Show that X is bounded metric space .
Solution: The diameter of X :
6(X) =sup{d(x,y):x,y € X} =1 - The diameter of X is finite
=~ (X, d) be a bounded metric space .
Note : d in example 9 is called discrete metric .

Example 10: (R,d) is metric space where d : R X R — R is define by
d(x,y)=|x—1y|, Vx,y € R.Is (R,d) bounded metric space ?
Solution:
(R, d) unbounded metric space , since there is not M > 0 such tha d(x,y) < M.




