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Functional Analysis
1- Metric space .
2- Vector space.
3- Normed space .
4- Banach space .
5- Inner product space .
6- Hilbert space .
7- Orthogonal and Orthonormal.
8- Linear Operator .
O- Hilbert adjoint Operator .
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Chapter one

Metric space
Definition : (metric space )
let X be any non-empty set and let d:X X X — R be any function. The pair
(X, d) is a metric space if d satisfied the following :
1-d(x,y) =0, Vx,y €X.
2-d(x,y) =0 < x=y, Vx,y €X.
3-d(x,y) =d(y,x) , Vx,y €X.
4-d(x,y) <d(x,z)+d(z,y), Vx,y,z € X.
Note : 1- d is called distance function or ( metric function ).
2- We can say that X is metric space instead of (X, d).
3- if the second condition dropped then we called (X,d) is semi- metric
space ( pseudo metric space).
ile(x=y »d(,y)=0but dix,y)=0 » x=y, Vx,y €X).
Example 1 : (R,d) is metric space where d : R X R — R is define by
d(x,y)=|x—1y|, Vx,y €R, show that.
Solution :
1-+|x—y| =0, Vx,y €R.
~d(x,y) =0, Vx,y €ER.
2- d(x,y) = |d(x,y) = |x—y|| =0 x—y=0ox=y,Vx,y €R.
S-dx,y)=Ilx—yl=|-(—x) =|-1lly—x[=d(y,x),Vx,y €R.
d-dxy) =lx—yl=Ix-y—-z+zl=|(x—-2) +(z—y)l
<|x—2)+ -yl
<d(x,z)+d(z,y) ,Vx,v,zZ€R.
=~ (R, d) is metric space.
Note : d in example 1 is called usual metric .

Example 2 : Show that R? is a metric space where d : R> Xx R?> > R is
dEfIne by d(x;y) = |x1 _yll + |x2 _y2| ’ vay € RZ'

Solution:
Let x,y €ER* > x = (x,x,) and y = (¥1,¥2), X1,X2,Y1,Y2 ER
1- = lx; =y =0 and|x, —y,| =0, Vx,y € R%

“lxg —yil + 2 =yl 20,V X,y €R?
~ d(x,y) =0,Yx,y €R?



2-Letd(x,y) =0 |x; =y +|x; =yl =0 |x; —y;| =0and |x, —y,| =0
ox —y;=0andx, —y, =0 x; =y,and x, =y,
o (x,x)=Wny) ox=y

3-d(x,y) = |xg —y1l + [x; —y2| = |-y — x|+ [- (2 — x2)]
= |=1ly; — x1| + |1y — 22| = |y1 — x1| + |y, — x2| = d(y, %)

4-d(x,y) = |x1 —y1 — 21 + 21| + |x2 — ¥,— 25 + 25
= [(x1 — z1) + (21 =y + |(x2—22) + (22 — 7))
< %1 — z1| + 21 — Y1l + |xo—25| + |2, =y,
< lx1 =z + [x2—22| + |21 — 1| + |22 — 2l
<d(x,z)+d(zy)

Example 3 : Is (R? d) is a metric space under d : R* X R - R ,
define by d(x,y) = |x; — y4|, Vx,y € R*? Why ?
Solution : let x,y € R? > x = (x,%x,) and y = (¥1,¥,), X1,%2,V1,V2 ER
1- v |x; —y,]| =0, Vx;,y; ER
s~ d(x,y)=0,Vx,y €R?

2-let d(x,y) =0-|x; —y,|=0 »x,—y, =0- x; =y, » x =y, because :
that is not necessary x, = y, for example : (3,7) # (3,1)
~dx,y)=0 » x=y, Vx,y €R?
~ (R?,d) not metric space .

H.W_Show that R? is metric space where d : R? X R* - R is define by
d(x,y) = max {|x; — 1], [x; — y21}

Theorem 1 : ( Minkowski's Inequality of real numbers)
1f{ps p2 -, puyand{q, qu .., q,} betwosets of real numbers, then

[ S+ 00 < [0 02 1+ Sy (a0? T

Theorem 2 : ( Minkowski's Inequality of complex numbers)
{ps p2 -, puyand {q, qu .., g} betwo sets of complex numbers, then
1

1 1

[ Xalpi + @l 12 < [ Xiqlpil? 12+ 2 lail? |2




Example 4 : Show that R™ is a metric space where d : R™ X R™ > R is
1
defineby d(x,y)=[ $iy(xi —y)? 12 ,Vxy €R™

Solution:
Vx,y ER" 5> x=(xq,..,xp)and y = (¥1, e, V), X1y ee0r Xy V1, o0 VY € R
1,2,3 HW

1
4- de,y) = Y —yi —zi + 2)* ]z
1

= [ X (i —2z) + (z —y))? |2 by Minkowski's Inequality
(Theorem 1)

1

[ S0, (i — 20))? 4] Xy (2 — y)? |2

<
< d(x,z) +d(z,y)



