6- Solving Systems of Differential Equations Using Laplace

Transform.

In systems of differential equations we have y(t) (or y) then Laplace
transform of derivations becomes: let L{y(t)} = Y (s)

1- L{y} = s¥(s) — y(0)

2- L{y"} = s*Y(s) — sy(0) — y'(0)

3- L{y""(©)} = s°Y(s) — s?y(0) — sy'(0) — y"(0)

LY"(©)} = s"¥(s) = s"1y(0) — 5" "2y’ (0) — "3y (0) — -+~ y""1(0)

Note to solve linear differential equation ( initial value problems 1.V.P) using
Laplace Transforms, there are only 4 basic steps :

1- Take Laplace Transforms of both sides of an equation.

2- using Laplace transform of derivations.

3- Simplify algebraically the result to find Y (s).

4- Take L™ of both sides , then we get y(t) which is the solution of given

equation.
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Example 1 : Using Laplace Transform to solve this deferential equations :

y' + 3y =e* y(0) = —1
Solution
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L{y'} + 3L{y} = L{e*"}
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Example 2 : Using Laplace Transform to solve this 1.V.P :

y'+2y +y=4, y(0) =4 ,y'(0) =2
Solution :

Ly"} = 2L{y'} + L{y} = L{4}

4
s2Y(s) — sy(0) —y'(0) — 2[sY(s) —y(0)] + Y(s) = AR (1)

4

s2Y(s) —4s—2—2sY(s) + 8+ Y(s) = <
4

Y(s)(s?—2s+1) =4s—6+;

45 —65+4  4s*—65s+4
s(s2=2s+1)  s(s—1)2

Y(s) =

452 —6s+4 A B C
=—+ +
s(s —1)2 s (s—1) (s—1)2

_A(s—=1)?+B(s(s =1 +Cs
B s(s —1)?

o 4s? —6s+4=As*—2A4s+ A+ Bs?+ Bs +Cs
=(A+B)s*?’+(-2A—-B+(C)S+A
~A+B =4
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—2A—-B+C=-6
A=4,B=0,C=2

4 2
SN
el =[]+ 17 [
~y(t) = 4+ 2tet

Example 3 : Using Laplace Transform to solve this deferential equation :

y' +y=sin2t |, y0) =0 ,y'(0)=1

Solution :

L{y"} + L{y} = L{sin 2t}

s2Y(5) = sy(0) = y' () +Y(5) = 5

2Y(s)—0—14+7Y(s) =
s°Y(s) (s) 214

s+ 6
s2+4

(s2+1)Y(s) =
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YO =76z D
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_As+B(s*+ 1)(s+D)(s* +4)
B (s2+4)(s2+1)

_ (As® + As + Bs* = B) + (Cs® + 4Cs + Ds* + 4D)
B (s2+4)(s2+1)

A+C=0 (1)
B+D=1 (2)
A+4C=0 3)
B+4D =6 4)

A=0 B=_% (=0 p=>
- )_3 )y W ) _3

0+Gﬁ) 0+@)
V(s) = (s? +5:L) (s2 +31)

>
3
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-1
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L 1[Y(s)] = L1

35




21 2 5 1
Y(t)z?IEL1[(52+4)]+1L1l(52+1)

(t) = Lsi 2t+5 int
y(t) = 3sm 3sm

Example 4 : Using Laplace Transform to solve this deferential equation :

y" —3y" +3y —y =t y(0)=1,y'(0)=0 ,y"(0) =2
Solution :

L{y"'} = 3L{y"} + 3L{y'} — L{y} = L {t?e"}

[s°Y(s) — s%y(0) —sy'(0) — ¥"(0)] = [35%Y(s) — 3sy(0) — 5y'(0)]

2
+ [3sY(s) —3y(0)] = Y(s) = s—1)3

SV (8) = 5% =0 =2 =352¥ () + 35— 0+ 3s¥ () = 3= Y(9) = 7753

Y(s)[s3 —3s*+3s—1] = + (52 =35 +5)

(s — 1)

Y(s)(s—1)3 = + (s> —=3s+5)

(s —1)3
2 (s> —-3s+05)

L P T PR )
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H.W. Using Laplace Transform to solve the following deferential equations :

1) y' +3y=e? y(0) = -1

2) 3y" —4y" + 4y =0 y(0)=1 ,y'(0)=1
3) y'—2y'+2y=e"" y(0)=0 ,y'(0)=1

4) y" +4y =8sint y(0)=0 ,y'(0) =2
5) y"' — 6y’ +9y = t2e3t y(0)=2 ,y'(0) =6
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Example 4 : Using Laplace Transform to solve this system of deferential equations

2x'"+3x+y=0

2y'"+x+3y =0 where x(0) =2 and y(0) =0
Solution :
2x" +3x+y=0 ... (1)

2L{x"} + 3L{x} + L{y} = L{0}
25X (s) —2x(0) +3X(s)+Y(s) =0

(25 +3)X(S) —4+Y(S) =0 e ceeev s vee e e (1)

2" +x+3y=0 SRR (7))
2L{y'} + L{x} + 3L{y} = L{0}
2sY(s) —2y(0) + X(s) +3Y(s) =0

(2s+3)Y(s)—0+X(s) =0

. (2)

By (1)and (2 )we get:

X(s)
(2s+3) 0

(2s +3)X(s) — 4 —

(2s +3)%2X(s) —4(2s+3)— X(s) =0
((2s+3)? —1)X(s) =8s+12
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K)o _BSFTIZ_ s+12 85412 4Qs+3)
T 2s+3)% -1 4s2+125+9—1 4s2+125+8 4(s2+3s+2)

' B (2s + 3) B (2s + 3) A B
"X(S)_(sz+35+2)_(s+1)(s+2)_s+1+s+2

A=1 and B=1

1 1
cx(t) =L Yx(s)] = L1 L‘-I——l + L7t ls =
cx()=et+e?

2 x'(t) = —et—2e7?
by (1) weget: 2(—e t—2e2)+3(et+e?)+y=0
—2et—4e 2t +3et+3e7 2t +y=0

et—e?t4+y=0
y(t)=—-et+e 2

H.W. Using Laplace Transform to solve the following system of deferential equations:
1) y =—2z

!

zZ=y y0)=1 and z(0)=0

2) x —2x—-3y=0

y —-2x—-y=0 where x(0) =2 and y(0) =3

39




