5- Invers Laplace Transform.

Definition :

Let f(t),t = 0 be any function and let L{f (t)} = F(s) , the invers Laplace
Transform of f(t) is define by L™[F(s)] = f(¢)

1- Find the invers Laplace Transform by using this table directly :

F(s) f@) = LHF(s)]
1 1
s 1
2 =
s2 t
3 n!
gn+1 th
4 1
o ot
5 a
s2 + a? sinat
6 S
s2 + a? cosat
7 a sinh at
2 _ g2
8 S cosh at
2 _ g2

1

Example 1 : find L™ [;

Solution :
1|2 ] _ o7t
s—=7
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. 43
Example 2 : find L1 [5—4]
Solution :

[l =

:—t3

321 1_1 3!] 1
2 s

Example 3 : find L1 [5214]

Solution :

1 2 1
=3 L‘ll ]=—sm2t

-1
[sz + 4 s2 4 22 2

Example 4 : find L~ [2 25]

Solution :

3 5 3
] = —L‘ll ] —sin 5t

-
s2 + 25 3 s2 4+ 52 5 s2 4+ 52 5

Example 5 : find L~ [2 16]

Solution :

L [ 2+16]_ [5245-16] = 4cos 4t

24



e _1 1
Example 6 : find L l(s+3)4]
Solution :

S eral = 5 e

= lL—l IL] — lL—l IL] — 1 g3t 3
6 (s+3)*] 6 (s +3)* 6
£ -1 3s—1 ]
Example 7 : find L l52+25+5
Solution :
3s—1 3s—1 3s—1 3s—1

s2+25+5 s2+25+5-1+1 (s2+25+1)+4 (s+1)2+4

3s+3-3-1 (@Bs+3)-4 36+1-(@2)°
S o(s+1D24+22  (s+1D24+22 (s+1)2+22

_3(s+1D) 22
S (s+1D2422 (s+1)2+22

_ -1 _
s24+2s+5 (s+1)2+22 (s+1)2%+ 22

L_ll 3s—1 ~ 3(s+1) 22 ]

[ 36+ o1 22
[(s +1)2 + 22] - [(s +1)2 + 22]

25



_ 3y l s+1 l _— 22
B (s 4+ 1)2 + 22 (s 4+ 1)2 + 22
= 3e tcos2t — 2e " tsin2t = e"t(3 cos2t — 2 sin 2t)

H.W

1- Compute L1 [(555)4].

2- Compute L1 [S+1]

s2—4)

3- Evaluate L‘l[ 5 ]

st—4s2

4- Find L1 [ S|

s244]

2-V35" find £(t).

4s2-1

5-Let F(s) =
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2- The Laplace Transform and the method of partial fraction

Notes :
? A A A A
— 1 + 2 + 3 4o ——
(as+b)" (as+b) (as+b)? (as+b)3 (as + b)™

? As+ B
as?+bs+c as?+bs+c

2 —

? _ A15+Bl A25+BZ AnS'l'Bn
(as?+bs+o)n as?+bs+c = (as?+bs+c)? (as?+bs+o)n

s+1
s2(s—-1)

Example 8 : find L_l[

Solution :

s+1  As(s—1)+B(s—1)+Cs?
s2(s—1) s?(s—1)

~s+1=A4s(s—1)+B(s —1) + Cs?
s+1=A4s*>—-A+ Bs — B + Cs?
s+1=(A+C)s?+(—A—B) +Bs
“A+C=0 - A=-C
—A-B=1
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B =
n=A-1=1-5A4A=-2

C =
[ s+1 . [72 1 2
[— =L t—+=+
s?(s—1) s s? s-—-1
1 1 1
= —2L71 H+L‘1 l—2]+2L‘1l
S S s—1

—2(1) +t+2et =-2+1t+2et

. 5s2—7s+17
Example 9 : find f(t) such that F(s) = 3 racia
Solution :
v f(t) = L7[F(s)]

552 —7s 4+ 17
=171
f© L3—52+45+4]
552 —7s+ 17 552 —7s+ 17 552 —7s+ 17

53—52+45+4=sz(s—1)+4(s—1):(5—1)(52+4)

A +Bs+C_A52+4A+Bsz—Bs+Cs—C
(s—1) s2+4 (s —1)(s%+4)

_(A+B)s?+(C—-B)s+4A—-C
B (s—1)(s?+4)
A+B=5-> A=-B+5
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C—-B=-7- C=B-7
4A—C=17 > 4(-B+5)—(B—=7)=17
> —4B+20-B+7=17>-5B=—-10 » B =2

A=-2+4+5 - A4A=3

- 5s—=7s+17 | [ 3+2s-5
s3—22+4+4s5—4| (s —1)(s%2 +4)

=L_1l(s—1) 1= lsz+4]= SL ls—1]+L l52+4 Sz+4

1 5
-1 __7-1
= 3L [ = 4] oL [52 1

— 1] +21°1 [

5
= 3elt + 2 cos 2t — Esin 2t

HW.

1- Show that L1 [5'2—+2]=1+3(e-2t—e_t)
s(s+1)(s+2) '

2- Compute L™ [ (S+1)]

3- Evaluate L™ [(52+1)(s 1)2]

4- Let F(s) = 5“ S find f(£).

5- Compute L1 [(5_2)(s+3) :

6-FindL‘1[ = ]

s2+6s+13]1°

2
7- Compute L1 [(5;)4]

29



