3- Properties of Laplace Transform.

1- Let f(t) and g(t) be two functions have Laplace Transform F(s) and

G(s) respectively, and let ¢4, ¢ be any two scalar, then
L{cif(0) + c29(®)} = 1 L{f (D)} + ¢, L{g(t)} = ¢1F(s) + c,G(s)

Proof : L{c;f(t) + c29(0} = [, et (c1 f () + c,9(D)dt)
=fy e (ef @)t + [ e (c, g(O))dt
=c, [, eStf(Ddt +c, [ g(H)estdt

=c1 L{f () e L{g(©)} = 1 F(s) +¢c2G(s)

Example :let f(t) = t3 + 5t — 2, find F(s).

Solution: L{f(t)} = L{t3 + 5t — 2} = L{t3} + 5L{t} — 2L{1}

=5 +5(x) —20) =
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H.W

Find Laplace Transform of the following function :
1- f(t) =3t2 + 2

2- f(t) = 2t° + sin3t + e

3-f(t) =7e73t —

cos5t
3
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2- L{t*f(£)} = (—1)" = F(s) where F(s) = L{f(t)}.
Proof :F(s) = L{f ()} = [, f(De stdt
%F(s) = %(j e‘“f(t)dt) = (j %(e‘“)f(t)dt) = J(—t e SHf(t)dt

0

(00]

__ j e=t(tf(6))dt = —L{tf(t)}

0

= L{tf (D} = =% F(s) if n=1

d2 — dz [ —st — d d [ —st — d [ —st
G P = [ etp@de = | - [ et @adr | = - [ et e penae

0 0 0

— f0°° —te St (=t f(£))dt = f0°° e St(¢2 f(t))dt = L{t*f ()}
L2} = 25 F(s) if n=2

d3 d v
S (j f(t)e-sfdt> (d ;| f(t)e‘“dt> | e @r@)ar

0

(0]

= f (—te ) (t2f(t))dt = —f e St(3f(t))dt = —L{t3f (D)}
0

0

S L{EB3f()} = —— F(s) if n=3

dTl
LEF©} = (D" F(s)
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Example : Compute L{t?sin2t}.
Solution : by L{t"f(t)} = (—1)"%F(s)
f(t) =sin2t ,t"=t>?=n=2

d2
L{E2fF(©) = (-1 F(s)

F(s) = L{f(t)} = L{sin 2t} = )

d? 2 d (d 2
L{t Sin t} ( ) ds2 \s2 + 4 ds <dS s2 44

_i<(52+4)(0)—2(25)> d( —4s )

ds (s? + 4)2 T ds (s? + 4)2

(P D) - (—49) (P + D) (25))  —4(s?+4)* +165%(s* +4)

(s2 +4)* (s2 +4)*
(7 +4) [-4(s? +4) +165%]  —4(s® +4) + 1657
B (s2 + 4)* B (s2 + 4)3

HW

1- find L{t3 sin 5t}

2- find L{6t?cos 3t}

3-find L{—t2e3t)
3

4- Show that L{ t3 f(t)} = — % F(s)
S

5- Show that L{ t* f(t)} = :—; F(s)

6- Show that L{ t> f(t)} = — ;—555 F(s)
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3- Laplace transform of derivation
1- let f(t),t = 0 be differentiable function then

L{f(®)} = sL{f(®)} — f(0)

Proof :
L{f(D)} = j e St £(t) dt
0
letu=e St - du=—se St dt

dv = f(t)dt - v=f(t)

SO} = [ e f@de = e FOIF - (-9) [ e fde

(00]

—time= 0]+ [ e e = (fime™ £(A) - £©)) + L)

0

= 0= f(0) +sL{f ()} = sL{f (©) — f(0)}

Example : find L {cos t} by using the first derivation .

Solution :

L{f(©)} = sL{fF@®I— F(0) ........... (1)
f(t)=cost— f(0)=cos0=1.......(2)
f(t) = —sint

L{f(t)} = L{—sint}
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L{f(v} = e R )

Now by (1), (2) and (3) we get :

e sL{cost}—1

+ 1 = sL{cos t}

s2+1
1 —1+s%2+1
- +1
2 2
L{cost} = —= _I;l =5 ;_1

_—1+s?+1 1 s2 s
- s2+1 s s(s2+1) s2+1

2- let f(t),t = 0 be differentiable function then
L{f" (0} = s°L{f ()} — sf(0) — £'(0)
Proof :
“ L{f (O} = sLIf ()} - £(0)
~ L{f" ()} = sL{f'(0)} = f(0)
= s[sL{f ()} — £(0) = f'(0)] = s*L{f ()} — sf(0) — f'(0)

Example : letf(t) = tsint, find F(s) by using the second derivation

Solution :

L{f" (0} = s’L{f (©)} — sf(0) — f(0)

f() =tsint - f(0) =0sin0 =0
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f'(t) =tcost+sint - f'(0) =0cos0+sin0=0

f'""(t) = —tsint+ cost + cost =2cost —tsint
~L{f"(t)} = L{2cost —t sint }

L{f"(t)} = 2 L{cost} — L {tsint}

S
s2+1

L{f"(£)} = 2 ( ) — L{t sint )

L{f" ()} = s? L{tsint} —s(0) — 0 = s2 L{tSINt} .o vveevveerceenr e,

Now by (1) and (2) we get :

2S

2 . _ .
s L{t sint} =21 L{t sint}
2S
2+ 1D)L{tsint} =
(s + DL{esing} = -~
2S 2s

L{tsint} =

2+ D)(s2+1)  (s2+1)2

Note :
L{f"' ()} = sS’L{f ()} — s*£(0) — sf'(0) — "' (0)
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L{f* (0} = s"L{f ()} — s"71f(0) — s"2£7(0) — s" 3£ (0) — -+ — f*71(0)

Example : find L {2 sin t} by using the third derivation

Solution :

L{f" (0} = s° L{f ()} = s2£(0) — sf"(0) — £ (0)
f(t) =2sint - f(0) =2sin(0) =0

F(£) =2cost » £'(0) = 2 cos(0) = 2(1) = 2
F(t) = =2sint - £"(0) = —2sin(0) = 0
f'""(t) = —2cost

s
s2412

~L{f"'(t)} =L{—-2cost} = —2L{cost} = —2

= LU0} =

s?2+1
L{f"' ()} = s*L{f ()} — s*£(0) — sf"(0) — f"(0)
= s3L{2sint} —s?f(0) —2s—0

~ L{f"'(t)} = s3L{2sint}— 2s

Now by (1) and (2) we get :

—2s

iz s3L{2sint} — 2s
—2S

I + 2s = s3L{2sin t}
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—25+2s(s*+ 1)
s2 + 12

—25 + 253 4 2s
s2 4+ 12

253
T s3L{2 sin t}

= s3L{2sint}

= s3L{2sint}

2s3 1

s241 s3

L{2sint} =

L{Z sin t} = m

H.W

1- using the first derivation to find L{2t sin at}.

2- using the second derivation to find L{t cos 3t}.

3- using the third derivation to find L{3cos 5t}.

4- let L{f(t)} = F(s) then L{e®f(t)} = F(s — a)

Proof:

LU ()} = ] £ et de
0
F(s) = j f®)estdt
0

F(s—a)=| f(t)e =Dt gt = | f(t) e St+at dt
/ |
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(0.0)

— j f(t) e—st eat dt = j e—st (eat f(t))dt — L{eatf(t)}
0

0

Example : find L{e3 cos 2t}
Solution : = L{e® f(t)} = F(s — a)

f(t) =cos2t - L{f(t)} = L{cos 2t} = 2 j_ i F(s)

s—3
(s—3)2+4

L{e®f(t)} = L{e3' cos2t} = F(s — 3) =

H.W Find the following:
1- L{e % sin bt}
2- L{4e? cos 2t}

5-L{ [} f() dt} = LD = £

S

Example : find L {f; cost dt}

Solution :L { [ £ (¢) dt} = 2/ = 7O

S

Now f(t) = cost — F(s) = L{f ()} = L{cost} = ——

S
L{costy} _ 327 s 1
T s s(s2+1)  s241

L {fot cost dt} =
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H.W 1- Evaluate the following L {fot 2sin3t dt} , L {f; e3tcost dt}
2- compute  L{e"?t!sin 5t + 3tcos 2t}
3- Evaluate L{2e’ — e*! cos t}
4- Find F(s) where f(t) = t(2t + 3)(t — 8)
5- Let f(t) = 3t cosh 2t , find L{f" (t)}
6- Evaluate L{t?e3!}.
7- Compute L{cos?at}, a any constant.
8- Evaluate L{sin?at}, a any constant.
9- Find L{cos? t} .
10- Compute L{sin?3t}.

11- Evaluate L{t(t + 1)(t + 2)}
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