Differentiation Rules



The Definition of the Derivative

Recall equivalent definitions

1 The derivative of a function f at a number x,, f'(x,), is
f(x, +h)=f(x,)
h

f'(x,) = lim

provided that the limit exists and is finite.

2 The derivative of a function f at a number x,, IS a number
a, if there is a function &(x —x,) with the properties

lim e(x —x,)=0and f(x)=f(x,)=a(x=x%,)+(x=%,)&(x=%,).

X = X




Basic Differentiation Rules

1 D(X) =1 The derivative of the function f(x)=xis 1.

3 D fg) = D(f)g+ fD(g) The Product Rule
4 D(f (g(x))) - D(f)(g(x))D(g)(X) The Chain Rule
- 480~ (g())g ()

These are the basic differentiation rules which imply all other differentiation
rules for rational algebraic expressions.



Derived Differentiation Rules

5 D(ij: gD(f) -D(g)

> The Quotient Rule. Follows from the
g g Product Rule.

6 D(f—l) _ 1 Inverse Function Rule. Follows from the

D(f) Chain Rule.




Special Function Rules

= din(x) _1 57 darctan(x) 1
dx X dx 1+ X2
8] X . '™, r 00 13 de” _ o
dx dx
9 d COS(X) _ —sm(x) 4
dx 14 a =a*In(a)
dx
757 dtan(x) _ 1 |
dx COSZ(X) 15 dssin(x) = cos(x)
. dx
77 darcsin(x) 1
dx  J1-x2 16 i(Iog X) = !
X dx : xIn a




Ditferential Calculus

Notion of a partial derivative
Suppose that
y = (X, X5)
Two partial derivatives
1) The partial derivative of y with respectto x,= &V

(where X, Is treated as a constant) Ox,

2) The partial derivative of y with respect to x,= ay
(where x, is treated as a constant) e,



Curve sketching and analysis

y= f(x) must be continuous at each:
cr/z‘/ca/pomz‘— O or undefined And don’t forget endpoints

2
local minimum ;—dz(/ goes (—,0,+) or (—,und,+) edr—y >0
dy dzy
local max/mumd— goes (+,0,—) or (+,und,-) Of 2 < 0
X

point of inflection concavity changes

2
d7y goes from (+,0,-), (—,0,+),
dx’ (+,und,-), or (—,und,+)




I1. Properties ot Linear Functions

A linear function can be written as
Y =Pgt pqX

y and X are variables;

B, and B, are parameters;
a By Is called the intercept;
1 B, is called the slope.

We say that y is a linear function of x.



FIGURE A1
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Quadratic tunctions

y=10gt B1X+B21{2

FIGUEE A.3
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Natural LDng‘ithﬂl

= Properties
1) The log function is defined only for positive values of x (x>0).
See graph of a log function
for O<x<1 log(x) < 0
for x=1 log(x) =0
for x>=1 log(x) =0
2) When y=log(x), the effect of x on y never becomes negative.
y = log(x)
Ay 1

Avy X

= The relationship between x and y displays diminishing returns.

= The slope of the function gets closer and closer to zero as x gets
large



Grﬂph: log function

FIGUREA.4
Craph of ¥y = logis),




Some useful algebraic facts:

2 log(x,x;) = log(x,) + log(x,)

- mg{ﬁ'ﬁrﬂfﬂ log(x;) — log(x2)

o log(x®) = clog(x) for any constant c.
0g(1+x) = 0forx =0

u



Exponential Function

We write the exponential function as

y = exp(x)

o Other notation can be written as

y=e

Facits

1

|
|
|

exp(Qd) =1;

exp(1)=2.7183

exp(x) is defined for any value of x.
exp(x) is always greater than 0



Grﬂph: E}{p@ﬂ&ﬂﬂﬂl Function

FIGUREE A.5

Oraph of ¥ = expix),




Taylor Series

Brook Taylor was an
accomplished musician and
painter. He did research in a
variety of areas, but is most
famous for his development of
Ideas regarding infinite series.

Brook Taylor
1685 - 1731



Maclaurin Series:

(generated by fat x=0 )

P(x) = f (0)+ () x+ f"(.o)x2+ (0 s m

If we want to center the series (and it’'s graph) at some
point other than zero, we get the Taylor Series:

Taylor Series:

(generated by fat X=a)

R0

3!

p(x)= 1 (a) + 1'(a) (x-a) + 2

> (x—af+ il

(x-a




example: Y = COSX
f(x)=cosx f(0)=1 f"(x)=sinx f"(0)=0

0 f(4)(x):cosx f(4)(0):1

f'(x)=-sinx f'(0)
f"(x)=-cosx f"(0)=-1

Ix* O0x° Ix* x° X°
+ +— + -+

P(x)=1+0x~
2! 3! 4] 5l 6!

il

2 4 6 8 10

P(x):l—x G X X X
21 41 6! 8 10




example: y = COS( 2X)

Rather than start from scratch, we can use the function
that we already know:

o120, (20 (20" (20°_(20°
2! 41 6! o] 10!




example: Y = COS( X) atx = 7—27-

f"(x)=-cosx f (7—27 =0
P(x):O—l(x—l—sz+%(x—7—sz2+%!( _’_93+ m
4 3 5 )
P(X):_(X_@ix_?,!zj _()(_5!2j m
\_ _/




Example:
To get thecogx) for small x:

2 X4 X6
cosx=1-—+—-——+--
2 4 6
If x=0.5
coq0.5) =1-0.12£+0.002604:-0.000012+ ...
=0.877582

From the supporting theory, for this series, thheras no
greater than the first omitted term.

X8

[] 3 for x=0.5 =0.0000001



sin(x) 0 ~
sin(x):O+1x+2x2+—1x3+—Ox4+[[|]]
2! 3l 41
cos(x) 1
—Cl O 3 5 7
sm(x) sin(x):x—x + 2 X
3! 5 71
-cog(x) -1
Both sides are odd functions.
sin(x) 0

Sin (0) = Ofor both sides.



1

1+ x°
. . . 1
If we start with this function: T =1-X+X° = x>+ x*+ I
) 2 1 -1 2 4 6 8 il
and substitute X for X ,we get: 72 =+ X TX TX XA

This is a geometric series with &= 1and 7= -X2.

If we integrate both sides:

_[1+1 p dx:_[l—x2+x4—x6+x8+D]]Idx
X

This looks the same as the
tan™ () = x- X X2 X, gm series for sin (X), but without
3 5 7 the factorials.

—






e
f(x) f " (0)
e 1
e 1
e 1
e 1
e 1

e* :1+Jx+£x2+ix3+—1x4+m[l

2! 3! 4
. x> x> x*
e =1+ X+—+—+
2! 31 4l i



Taylor Series : Maclaurin Series

If the function/is “smooth” atx = g then
it can be approximated by th& degree
polynomial x°  x2 x*
In(x+1)=X—-—+——-——+
2 3 4

I A Taylor Series about x = 0 is called Maclaurin.

t(x)=1(a)+T'(@x-a)

X
" e =1+Xx+—+—+
i (a)(x—a)2+... 2t 3
2!
f(n) X3+X5
a SinNX=X—-—+—-
N ()(X_a)n_
n!
2 4
COSX = T2+ -
L4l

oL

1
T =1+ X+ X+ H+. L.
1-Xx



Taylor’s Theorem: Error Analysis for Series



Taylor series are used to estimate the value of functions (at
least theoretically - now days we can usually use the
calculator or computer to calculate directly.)

An estimate is only useful if we have an idea of how
accurate the estimate Is.

When we use part of a Taylor series to estimate the value
of a function, the end of the series that we do not use is
called the remainder. If we know the size of the remainder,
then we know how close our estimate Is.



For a geometric series, this is easy:

1
—Z Over (-19).

ex.2: Use 1+ x° + x* + x° to approximate .

Since the truncated part of the series is: X°+x'°+x*+ [I ,

X8

the truncation error is |x® + x**+x*2+ (I, which is S

- X
\— When you “truncate” a number, you drop
off the end.

Of course this Is also trivial, because we have a formula
that allows us to calculate the sum of a geometric series
directly.



Taylor’s Theorem with Remainder

If / has derivatives of all orders in an open interval /

containing & then for each positive integer /7and for each X
in /:

f (n)

@), _a) +R (%)

f(x)=f(a)+f'(a)(x—a)+ nl

f"2(!a) (X_a)z + [

Lagrange Form of the Remainder Remainder after
(1) partial sum S,
_ " (c) __\n+l «~ \where Cis between
R, (%)= ( (x-a)
n +1)! aand X.




Lagrange Form of the Remainder Remainder after
(1) partial sum S,
_ " (c) __\n+l «~ \where Cis between
R, (%)= ( (x-a)
n +1)! aand X.

This is also called the remainder of order /70or the error term.

Note that this looks just like the next term in the series, but

“& has been replaced by the number “¢’in (™Y (c) .

This seems kind of vague, since we don’t know the value of c,

but we can sometimes find a maximum value for §f (") (c) -



Lagrange Form of the Remainder

f (n+1) (C)

Rn(x): (n+1)! (X_a)n+

If M is the maximum value of f(n+1) (X) on the interval
between &and X, then:

M We will call this the
X)| < _ 4|l Remainder Estimation
‘Rn( )‘ (n+1)!‘x a Theorem.




2k+1
X

(2k+1)!
series for SIN X, converges for all real X

ex.2.  Prove that > " (-1)" , which is the Taylor

Since the maximum value of SIn X or any of it's
derivatives is 1, for all real X, M= 1

1 n+1 |X|n+1
IR, (x)] = x-0"" =
‘ ‘ (n+1)! (n+1)!
n+1
Remainder Estimation Theorem lim X -0
Y - (n+1)!
x| < _ n+1
‘R” ( )‘ (n+1)! x-a so the series converges.




2

ex. 5.  Find the Lagrange Error Bound when x—X? IS used

to approximate In(1+x) and |x|<0.1.

2

f(x)zln(1+X) f(X):O+X—X?+R2(X)

f'(x)=(1+x)" ,

On the interval [-.1,.1], (1+x)° decreases, so

Its maximum value occurs at the left end-point.

2 2
M S o = 27434842249

()= =142

" (x)=2(1+x)"

f I f n
.I:(X):.I:(O)+ (O)X+ (O)X2+R2(X)
1 2
Remainder after 2nd order term J



2

ex. 5.  Find the Lagrange Error Bound when x—X? IS used

to approximate In(1+x) and |x|<0.1.

Remainder Estimation Theorem

M n+1
‘Rn(X)‘ = (n+1)!|X—a|

2

On the interval [-.1,.1], (1+x)° decreases, so

Its maximum value occurs at the left end-point.

2
2.743491° M = = = 2.7434842249
R (s 27581 -0 (9
| ¥
- | X——
R, (x) < 0.000457 X In(1+x) 2 emor

1 .095310: .095 .00031C | lessthan
Lagrange Error Bound

error
-1 -105360¢ -.105 .00036] bound.



