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Properties of Matter
6.1 The Ideal Gas Law

The three gas laws,
P = constant (17.21)

V"= constant (17.26)

mVi=p:Vz T = constant (17.28)
can be combined into one egquation, namely,

oVi=pVs .(6-1)
VY T

Equation 6.1 is a special case of a relation known as
the ideal gas law.

Hence, we see that the three previous laws, which were
developed experimentally, are special cases of this ideal gas
law, when either the pressure, volume, or temperature is held
constant.

The 1deal gas law is a more general equation in that none
of the variables must be held constant.

Equation 6.1 expresses the relation between the pressure,

volume, and temperature of the gas at one time, with the

pressure, volume, and temperature at any other time.
For this equality to hold for any time, it is necessary that:

oV =constant ..-(6-2)
T

This constant must depend on the quantity or mass
of the gas.
A convenient unit to describe the amount of the gas

1s the mole.
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Properties of Matter

One mole of any gas is that amount of the gas that has
a mass in grams equal to the atomic or molecular mass (M)
of the gas.

The terms atomic mass and molecular mass are often
erroneously called atomic weight and molecular weight in
chemistry.

As an example of the use of the mole, consider the gas
oxygen.

One molecule of oxygen gas consists of two atoms of
oxygen, and 1s denoted by Osz.

The atomic mass of oxygen 16.00.

The molecular mass of one mole of oxygen gas is therefore

Moz= 2(16) = 32 g/mole
Thus, one mole of oxygen has a mass of 32 g.
The mole is a convenient quantity to express the mass

of a gas because one mole of any gas at a temperature of 0 °C

and a pressure of 1 atmosphere, has a volume of 22.4 liters.

Also Avogadro’s law states that every mole of a gas
contains the same number of molecules.
This number is called Avogadro’s number Na and is

equal to 6.022 x 1023 molecules/mole.
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Properties of Matter
The mass of any gas will now be represented in terms
of the number of moles, n.
We can write the constant in equation 6.2 as n times

a new constant, which hall be called R, that 1s,

,%: nk ...(6-3)

To determine this constant R let us evaluate it for 1 mole
of gas at a pressure of 1 atm and a temperature of 0 °C,
or 273 K, and a volume of 22.4 L.

That 1s,

R=pV=1(1atm)(224L)
nT (1 mole)d273 E)

R=0.08205atm L
mole K

Converted to SI units, this constant is

_(nnaons Latm Yy sN/m*"10° m*)
R =10.08205 mole KzILl'Dls <10 m «'““ 1L "l

R=38314__J

mole K

We call the constant R the universal gas constant, and it
1s the same for all gases.

We can now write equation 6.3 as:

pV=nRT ..(6-4)

Equation 6.4 is called the ideal gas equation.

An i1deal gas is one that is described by the ideal gas
equation.

Remember that the temperature T must always be

expressed in Kelvin units.
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Properties of Matter
6.2 The Kinetic Theory of Gases

Up to now the description of a gas has been on the
macroscopic level, a large-scale level, where the characteristics
of a gas, such as its pressure, volume, and temperature,
are measured without regard to the internal structure of
the gas itself.

In reality, a gas is composed of a large number of
molecules in random motion.

The large-scale characteristics of gases should be
explainable in terms of the motion of these molecules.

The analysis of a gas at this microscopic level (the
molecular level) is called the kinetic theory of gases.

In the analysis of a gas at the microscopic level we make
the following assumptions:

1. A gas is composed of a very large number of molecules
that are in random motion.

2. The volume of the individual molecules is very small
compared to the total volume of the gas.

3. The collisions of the molecules with the walls and other
molecules are elastic and hence there is no energy lost
during a collision.

4. The forces between molecules are negligible except during
a collision.

Hence, there is no potential energy associated with any
molecule.

5. Finally, we assume that the molecules obey Newton’s laws

of motion.
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Properties of Matter
Let us consider one of the very many molecules contained

in the box shown in figure 6.1.

Figure 6.1 The kinetic theory of a gas.

-

For simplicity we assume that the box is a cube of

length L.
The gas molecule has a mass m and is moving at
a velocity v.
The x-component of its velocity is vx.
For the moment we only consider the motion in the
x-direction.
The pressure that the gas exerts on the walls of the box

1s caused by the collision of the gas molecule with the walls.
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Properties of Matter
The pressure i1s defined as the force acting per unit area,
that 1s,

p=_F ...(6-5)
A

where A 1s the area of the wall where the collision occurs,
and 1s simply:

A=L*
and F is the force exerted on the wall as the molecule collides
with the wall and can be found by Newton’s second law in

the form

F=AP ...(6-6)
At

So as not to confuse the symbols for pressure and
momentum, we will use the lower case p for pressure, and we
will use the upper case P for momentum.

Because momentum is conserved in a collision, the change
in momentum of the molecule AP, 1s the difference between
the momentum after the collision Pac and the momentum
before the collision Pgc.

Also, since the collision i1s elastic the velocity of the

molecule after the collision is —vsx.
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Properties of Matter

Therefore, the change in momentum of the molecule is:

AP=P,r — Py =—mu,— mu,
=-2mu. change in momentum of the molecule

But the change in the momentum imparted to the wall
1s the negative of this, or:

AP =2mu. momentum imparted to wall

Therefore, using Newton’s second law, the force imparted

to the wall becomes:

F=AP=2mu, (6-7)
AF A

The quantity At should be the time that the molecule is in
contact with the wall.

But this time is unknown.

The impulse that the gas particle gives to the wall by the
collision is given by:

Impulze = FAf = AP ...(6-8)

and 1s shown as the area under the force-time graph
of figure 6.2.

Because the time A# for the collision 1s unknown,
a larger time interval tyc, the time between collisions, can
be used with an average force Favg, such that the product of
Favgtye 1s equal to the same impulse as FAE.

We can see this in figure 6.2.
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Properties of Matter

T

Ar

Figure 6.2 Since the impulse (the area under the curve)

is the same, the change in momentum is the same.

We see that the impulse, which 1s the area under the
curve, 1s the same 1n both cases.

At first this may seem strange, but if you think about it,
it does make sense.

The actual force in the collision is large, but acts for a very
short time.

After the collision, the gas particle rebounds from the first
wall, travels back to the far wall, rebounds from it, and then

travels to the first wall again, where a new collision occurs.
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Properties of Matter

For the entire traveling time of the particle the actual
force on the wall is zero.

Because we think of the pressure on a wall as being
present at all times, it 1s reasonable to talk about a smaller
average force that is acting continuously for the entire time #pe.

As long as the impulse is the same in both cases, the
momentum imparted to the wall is the same in both cases.

Equation 6.7 becomes:

Impulse = FAt = Faugtne = AP ...(6-9)

The force imparted to the wall, equation 6.6, becomes:

Fuwl-::%:lfui ...(6'10)

We find the time between the collision #pe by noting that
the particle moves a distance 2L between the collisions.
Since the speed vy 1s the distance traveled per unit time,

we have:

Hence, the time between collisions is:

E:Ill' = i
Uz

..(6-11)
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Properties of Matter
Therefore, the force imparted to the wall by this single
collision becomes:

Fuvg = 2mu. = mu.’ ...(6-12)
2Lv, L

The total change in momentum per second, and hence the

total force on the wall caused by all the molecules is the sum

of the forces caused by all of the molecules, that is,

Faeg = Frag + Foug+ Frag + - . -+ Fhug (6'13)

where N is the total number of molecules.
Substituting equation 6.12 for each gas molecule, we
have:

Fug=mug’ + mug’ + mug’ +. ..+ mugs
L L L L
me: MU T U™ T Uy +...+ L',_\:_} _"(6_14)
L

Let us multiply and divide equation 6.14 by the total
number of molecules N, that is,

Fig = mN(pg® + vt
L

But the term in parentheses i1s the definition of an

average value.

That 1s,

Voeg = (U2’ + 0+ 0™+ + 1) ...(6-16)
N

As an example, if you have four exams in the semester,

your average grade is the sum of the four exams divided by 4.
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Properties of Matter
Here, the sum of the squares of the x-component of the
velocity of each molecule, divided by the total number of
molecules, i1s equal to the average of the square of the
x-component of velocity.

Therefore equation 6.14 becomes:

Favg = MN Vaarg”
L

But since the pressure is defined as p = F/A, from

equation 2.2, we have:

P = Faw = Fuveg = MN Veary® = N Viaey” .
_"1 L: L:. -u[;- ---(6 17)

V= Nmuas® -(6-18)
The square of the actual three-dimensional speed is:
L-: - L::.: a 'L:-\,: + 'L:_-:
and averaging over all molecules:

Varg: = Usarg: T Uyang T+ Vamg”
But because the motion of any gas molecule is random,
Vswwg™ = 1-:-.-1|.v: = L'.-:..._r:
That 1s, there is no reason why the velocity in one
direction should be any different than in any other direction,

hence their average speeds should be the same.

Therefore,
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Properties of Matter
Substituting equation 6.19 into equation 6.18, we get:

pV=Nm v,
3

Multiplying and dividing the right-hand side by 2, gives:

g (mui
pV=3sN—=|
LY 4

..(6-20)

The total number of molecules of the gas is equal to the
number of moles of gas times Avogadro’s number - the number

of molecules in one mole of gas - that is,
N'=nN, ...(6-21)

Substituting equation 6.20 into equation 6.19, gives:

Fa 2 w
mUgug |

p“%““‘""‘\ 2 ) ...(6-22)

Recall that the ideal gas equation was derived from

experimental data as:
pV=nRT ...(6-4)

The left-hand side of equation 6.4 contains the pressure
and volume of the gas, all macroscopic quantities, and all
determined experimentally.

The left-hand side of equation 6.22, on the other hand,

contains the pressure and volume of the gas as determined

theoretically by Newton’s second law.
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Properties of Matter
If the theoretical formulation is to agree with the
experimental results, then these two equations must be equal.
Therefore equating equation 6.4 to equation 6.22,

we have:

where R/Na 1s the gas constant per molecule.

It appears so often that it is given the special name
the Boltzmann constant and is designated by the letter k.
Thus,

k=_R =138 x 107 JK ...(6-24)
Na

Therefore, equation 6.23 becomes:

e ...(6-25)

Equation 6.25 relates the macroscopic view of a gas to
the microscopic view.

Notice that the absolute temperature T of the gas

(a macroscopic variable) is a measure of the mean translational

kinetic energy of the molecules of the gas (a microscopic
variable).

The higher the temperature of the gas, the greater the
average kinetic energy of the gas, the lower the temperature,

the smaller the average kinetic energy.
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Properties of Matter

Observe from equation 6.25 that if the absolute
temperature of a gas is 0 K, then the mean kinetic energy of the
molecule would be zero and its speed would also be zero.

This was the original concept of absolute zero,
a point where all molecular motion would cease.

The average speed of a gas molecule can be determined by
solving equation (6.25) for vaye.

That 1s,

[3RT
m ...(6-26)

=

This particular average value of the speed, Urms, 1s usually

called the root-mean-square value, or rms value for short, of
the speed v.

It is called the rms speed, because it is the square root of

the mean of the square of the speed.

Occasionally the rms speed of a gas molecule is called the

thermal speed.
To determine the rms speed from equation 6.26, we must
know the mass m of one molecule.

The mass m of any molecule is found from

m=M

..(6-27
N, (6-27)

That 1s, the mass m of one molecule is equal to the

molecular mass M of that gas divided by Avogadro’s number NA
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Properties of Matter

The Language of Physics

Lecture 6 ( The ideal gas law )

The ideal gas law

The general gas law that contains Charles’, Gay-Lussac’s,
and Boyle’s law as special cases.

It states that the product of the pressure and volume of
a gas divided by the absolute temperature of the gas is

a constant .

One mole of any gas is that amount of the gas that has
a mass in grams equal to the atomic or molecular mass of the
gas.

One mole of any gas at a temperature of 0 °C and

a pressure of one atmosphere, has a volume of 22.4 liters .

Avogadro’s number]

Every mole of a gas contains the same number of
molecules, namely, 6.022 X 1023 molecules.
The mass of one molecule i1s equal to the molecular mass

of that gas divided by Avogadro’s number .

Kinetic theory of gases

The analysis of a gas at the microscopic level, treated by
Newton’s laws of motion.

The kinetic theory shows that the absolute temperature of
a gas 1s a measure of the mean translational kinetic energy of

the molecules of the gas .
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Properties of Matter

Summary of Important Equations

Lecture 6 ( The ideal gas law )

Ideal gas law

E]'[."] — E,'{_.-’,
T T
pV=nRT

Number of molecules

N=nNu

Temperature and mean kinetic energy

rms speed of a molecule

Mass of a molecule

Total mass of the gas
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Properties of Matter

Problems for Lecture

Lecture 6 ( The ideal gas law )

Example 6.1

Find the number of molecules in the gas
Compute the number of molecules in a gas contained in
a volume of 10.0 cm3 at a pressure of 1.013 X 10° N/m2,
and a temperature of 300 K.

Answer : ( 2.45 x 1020 molecules )

Example 6.2

The kinetic energy of a gas molecule
What is the average kinetic energy of the oxygen and
nitrogen molecules in a room at room temperature?

Answer : (6.07 x 1021 J)

Example 6.3

The rms speed of a gas molecule
Find the rms speed of an oxygen and nitrogen molecule

at room temperature?

Answer : (478 m/s, 511 m/s)
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